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Abstract 

We study strong existence and pathwise uniqueness for stochastic 
differential equations in M. d with rough coefficients, and without as- 
suming uniform ellipticity for the diffusion matrix. Our approach re- 
lies on direct quantitative estimates on solutions to the SDE, assuming 
Sobolev bounds on the drift and diffusion coefficients, and LP bounds 
for the solution of the corresponding Fokker-Planck PDE, which can be 
proved separately. This allows a great flexibility regarding the method 
employed to obtain these last bounds. Hence we are able to obtain 
general criteria in various cases, including the uniformly elliptic case 
in any dimension, the one-dimensional case and the Langevin (kinetic) 
case. 
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1 Introduction 



We investigate the well posedness of the Stochastic Differential Equation 
(SDE) in R d , d>l, 

dX t = F(t,X t )dt + a(t,X t )dW t , X = £, (1.1) 

where F : R + x R d -> R d and a : R + x R d -> R d x R r are Borel mea- 
surable function, (Wt,t > 0) is a r-dimensional standard Brownian motion 
on some given complete filtered probability space (Q, (Ji)(>o,P), and £ is a 
J-"o-measurable random variable. 

When a and F are bounded, it is standard to deduce from Ito's formula 
that the law u(t, dx) of Xt is a (weak, measure) solution to the Fokker-Planck 
PDE on R + x R d 

d t u + V x -(Fu) = Vl:(au)= V , U (t = 0,dx)=n°, (1.2) 

* — ' OX j OX j 

l<i,j<d J 

where a = a* and u° is the law of the initial r.v. £. 

We first recall some classical terminology: weak existence holds for (jl.ip 
if one can construct a filtered probability space (0, (Ft)t>o^), an adapted 
Brownian motion W and an adapted process X on this space solution 
to (jl.lj) . Uniqueness in law holds if every solution X to possibly on 

different probability space, has the same law, in particular if there is unique- 
ness of measured- valued solutions to (|1.2j) . Strong existence means that one 
can find a solution to (jl.ip on any given filtered probability space equipped 
with any given adapted Brownian motion. Finally, pathwise uniqueness 
means that, on any given filtered probability space equipped with any given 
Brownian motion, any two solutions to (jl.ip with the same given ^-measu- 
rable initial condition £ coincide. Our goal is to study strong existence and 
pathwise uniqueness for rough a and F, through quantitative estimates on 
the difference between solutions. 

This question has been the object of many works aiming to improve 
the original result of ltd [10]. Krylov and Veretennikov \26\ 127] studied the 
case of uniformly continuous a and bounded F, proving that only two cases 
are possible: either pathwise uniqueness holds, or strong existence does not 
hold. The question was studied again recently by Krylov and Rockner |16j 
and Zhang \29\ [30] . All these works assume that the matrix a is uniformly 
elliptic, i.e. that a(x) — c Id is positive definite for all x for some constant 
c > 0. The time-independent one-dimensional case was also deeply studied 
by Engelbert and Schmidt [7] (see also [281120] ). 
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The main tools used in all the previous works are Krylov's inequality |12j 
and its extensions (see for example [6] [16], [T71 130j). Zvonkin's transforma- 
tion [31] to remove the drift, and a priori estimates on solutions of the back- 
ward Kolmogorov equation or Fokker-Planck PDE (TO]) [551 [T5| [M 139"] . Of 
great importance is also the result of Yamada and Watanabe |28j . which 
proves that strong existence holds as soon as pathwise uniqueness and weak 
existence hold for all initial condition. Since general conditions for weak 
existence are well-known (see [131 ESI [23] [T7] [H] ; see also [21] for a recent 
and deep study of the question), one only has to prove pathwise uniqueness 
to obtain strong existence. In dimension one, a key tool to prove pathwise 
uniqueness is the local time. 

Another approach to strong existence and pathwise uniqueness was re- 
cently initiated by Le Bris and Lions in |18}ll9j. based on well-posedness re- 
sults for the backward Kolmogorov equation. The authors define the notion 
of almost everywhere stochastic flows for (11. lj) . which combines existence 
and a flow property for almost all initial conditions, and give precise results 
in the case where a = Id. The general case was recently studied deeply by 
P.-L. Lions in |21j . who reduces the question to well-posedness, L 1 norms 
and stability properties for two backward Kolmogorov equations; the first 
one associated to the SDE (jl.ip and the other one obtained by a doubling 
of variable technique. Note that this approach does not require assumptions 
of uniform ellipticity for a. 

We present here another approach which relies on estimates on path 
functionals of the difference between solutions to regularizations of (11. lj) . 
This is inspired by the method used by Crippa and De Lellis [1] to obtain an 
alternative proof of the results of Di Perna and Lions [5] on well-posedness 
for ODEs. The functional of [3] was used and adapted to obtain several 
extensions [111 [3] for deterministic systems (see also [22] for a study of weak 
uniqueness using this method). Note that other techniques exist to prove 
well posedness directly on characteristics of ODEs, see [9] for instance. 

The quantitative estimates which we develop here let us treat separately 
the strong existence and pathwise uniqueness for (jl.ip from the question 
of bounds on solutions to (jl.2|) . The typical result presented here will 
hence assume that some estimate could be obtained on solutions to (jl.2p 
(by whichever method) and conclude that strong existence and pathwise 
uniqueness hold provided that some bounds on a and F in Sobolev spaces 
related to the bounds on u hold. The great advantage is the flexibility that 
one then enjoys as it is possible to choose the best method to deal with (jl.2p 
according to any additional structure. For instance, ellipticity on a is not 
required a priori. The second advantage of the method is its simplicity as 
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it relies on some direct quantitative estimates on the solutions. 

To give a better idea let us present a typical result that we obtain. For 
existence we consider sequence of approximations to (jl.ip 

dX? = F n (t,X?)dt + a n (t,X?)dW u X n = £, (1.3) 

with the same Brownian motion Wt for any n. And we introduce the corre- 
sponding approximation for (j 1 . 2 1) 



Q2 

d t u n + V x ■ (F n u n ) = (a?-(t,z)tt ra (t,a;)), u n (t = 0, dx) = u°, 

l<i,3<d 1 i 

(1.4) 

with a n = a n a* . 

The next result is not the most general we obtain, but it does not require 
any additional definition and illustrates the type of assumptions we need. 

Theorem 1.1 Assume d > 2. One has 

(i) Existence: Assume that there exists a sequence of smooth F n , a n G L°° 

such that the solution u n to (|1.4p satisfies for 1 < p,q < oo, with 
l/p 1 + l/p = 1, 1/g + 1/g' = 1 

a n — >a in L q t loc (L p x ) and F n -t F in L q t loc {L p x ), 

SUP ( ||VcT n || 2g (L 2 P) + ||VF n || L 9 (L P) + ||F n || L oo + H^Hloo ) < oo, 

sup \\u n \\ q i , p/. < oo, u n — )■ u in £/ie weak-* topology of measures. 

Then there exists a strong solution Xf to (jl.ip and (X™ — l;,t £ [0,T]) n 
converges in L P (Q, L°°([0, T])) for all p > 1 to (X t -£,tE [0,T]), with 
X™ the solutions to (|1.3p . In addition, u(dt,dx) = u(t,dx)dt, where 
u(t, ■) is the law of Xt for all t £ [0, T\. 

(ii) Uniqueness: Let X andY be two solutions to (jl.lj) with one- dimensional 

time marginals ux(t,x)dx and uy(t,x)dx both in L q tloc {lF x ). Assume 
that Xq = Yq a.s. and that 

with l/p + l/p' = 1 and 1/q + 1/q' = 1. Then one has pathwise 
uniqueness: supt>o\X t — Y t \ = a.s. 
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We obtain better results in the one-dimensional case. 



Theorem 1.2 Assume d = 1. 



(i) The existence result of Theorem \l.l\ (i) holds under the same assumptions 

on F n , (T77,, U n j eXCt 
can be replaced by 



on F n ,a n ,u n , except that the assumption sup n \\V a n \\ L 2 q (L 2 P , < oo 



SUP \\a n \\ 2g fw l/2,2p. < OO 



and in the case p = 1, the assumption sup n ||VF n || L i (l p\ < 00 must 

t,loc^ x ' 

be replaced by 

sup||VF n |L q < 00 

for some e > 0. 



(ii) The uniqueness result of Theorem \1.1\ (ii) holds true under the same 
assumption 

replaced by 



assumptions on F,a,ux,uy, except that \\a\\ T 2 q ,- w i,2pn < 00 can be 



\\a\\ L]UwlJ ^ P) < 00. 

and in the case p = 1, the assumption \\F\\ T q i w ^,p\ < 00 must be 

n t,iocy vv x ) 

replaced by 
for some e > 0. 



Note that no assumption of uniform ellipticity is needed in Theorems ll.il 
and II. 2\ provided one can prove a priori estimates on the various solutions 
u n , ux, uy to (|1.4j) and (|l,2p . Note also that pathwise uniqueness is proved 
only for particular solutions to (jl.ip . so we cannot use directly the result 
of Yamada and Watanabe to deduce strong existence. Hence our method 
proves separately strong existence and pathwise uniqueness; however they 
use very similar techniques. 

The goal of Section [2] is to give the statement of all our results. We start 
in Subsection [2J] by defining the norms and Banach spaces needed to state 
our most general results in Subsection 12.21 Theorems 11.11 and 11.21 will then 
be obtained as corollaries of these general results. 

Of course, as they are laws, u n , ux and uy all have bounded mass so 
Theorems 11.11 and 1 1 . 2 1 really depend on whether it is possible to obtain higher 
integrability for a solution of (jl.2j) . Several situations where this can be 
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done will be studied in Subsection [231 including the uniformly elliptic, non- 
degenerate one-dimensional and kinetic (Langevin) cases. The conditions 
for strong existence and pathwise uniqueness can then be compared with 
the best conditions in the literature. The rest of the paper is devoted to the 
proofs of all the results stated in Section [21 and the organization of the rest 
of the paper is given in the end of Section [21 



2 Statement of the results 

As usual one needs regularity assumptions on F and a to ensure strong 
existence and pathwise uniqueness for (jl.lj) . In our case, these are Sobolev 
norms with respect to u, defined in Subsection 12.11 Our general results are 
then stated in Subsection 12. 2\ and several consequences of these results are 
discussed in Subsection 12.31 



2.1 Norms and Banach spaces 

We fix T > and pose 

\\a\\ 2 H 1(u] = f f \a(t,x)\ 2 u(t,dx)dt+ [ [ (M\Va\(t,x)) 2 u(t,dx) dt 

JO JM. d JO JR d 

= ®(J \<r\ 2 (t,X t )dt\ + ®(f (M\Va\(t,X t )fd?j , (2.1) 

where M is the usual maximal operator 

Mf(x) = sup 1 I f(x + z) dz. 
r \B(0,r)\ J BiQ<r) 

Of course here \Va\ and hence M|Vcr| could have +oo values on sets of 
positive Lebesgue measure. 

Note that this indeed defines a norm which enjoys the usual properties, 
semi-continuity for instance, as proved in Section [3j 

Proposition 2.1 The definition (12. ID is a norm. Moreover if a n — > a in 
the sense of distribution then 

h\\m(u) < hminf \\o- n \\m(u), 

And if for a given a, u n > converges to u for the weak-* topology of 
measures then 

IMIffi( u ) < liminf |H| H i( Un )- 
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There are several technical reasons why we use M|Vcr| in the definition of 
the norm. Note however that the intuitive definition with just Vc would 
most certainly be too weak as u could for instance vanish just at the points 
where Vcr is very large. In particular Prop. 12.11 would not be true. 

We also need some similar W 1,1 assumptions on F. Following the defi- 
nition of H l (u), a first attempt would be 

\\ F \\w^(u)= I / M\VF\(t,x)u(t,dx)dt. (2.2) 

Jo JR d 

Unfortunately while this definition would work, it is slightly too strong in 
some cases. This is due to the fact that the maximal operator M is bounded 
on LP , p > 1, but not on L 1 . In particular if u G L°° then the norm defined 
in (|2.ip would automatically be finite if a is in the usual H 1 space but the 
norm defined in (|2.2p would not be finite if F € W 1,1 in general. 

Therefore in order to obtain better assumptions we have to work with a 
more complicated space. Define the modified maximal operator 



M L /(x) = v / bgT+ / 

JB(xA) 



\m\t l/( z )l>ViogL dz 

\d-l ■ 



{L 1 + \x - z\) \x - z\ 
Now for any increasing <j) with 4>(£)/£ — > oo as <j) — > oo, denote 

\\F\\ w ^ Hu) = sup r ^ L \ [ [ (\F(t, x)\ + M L VF(t, x)) u(t, dx) dt. 
K ' l>i L logL J J Rd 

(2.3) 

As before, it is easy to show that this defines a well behaved norm 



Proposition 2.2 The definition (|2.3|) is a norm for any super linear <f>. 
Moreover if F n — > F in the sense of distribution then 

< liminf \\F n \\ 

And if for a given F , u n > converges to u for the weak- * topology of 
measures then 

1 1 * 1 1 \Y^' wea ^ (u) — liminf U^ly^/^^eafc^^^. 
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In the one dimensional case, we can prove strong existence and pathwise 
uniqueness using H 1 / 2 type of assumptions on a: we define first as usual 

with J- the Fourier transform in x. Then we pose as before 

h\\m/ Hu) = f T f (M\d l J 2 v\(t,x)) 2 u(t,dx)dt. (2.4) 
v ; Jo JR d 

Again one has 

Proposition 2.3 The definition (j2.4j) is a norm. Moreover if a n — > a in 
the sense of distribution then 

1 1 0- 1 1 H i/ 2 (u) < liminf ||o-n||fli/a(«), 

And if for a given a, u n > converges to u for the weak- * topology of 
measures then 

\W\\hV*(u) ^ lim „ mf ll ( iffV2(<)• 



2.2 General results on strong solutions to (11. ip 

In the multi-dimensional case, our most general result is the following one, 
proved in Section HI 

Theorem 2.4 One has 

(i) Existence: Assume that there exists a sequence of smooth F n , a n £ L°° , 
such that the solution u n to (|1.4p satisfies for some super linear <j>, i.e. 

f [ (\a n -a\ + \F n -F\)du n dt^O, (2.5) 

JO JR d 

SU P \ \\ F \\w<t>' weak {u n ) + Iklli^KO + ll-^nlli 00 + Iknlli 00 ) < OO, (2.6) 

u n — > u for the weak-* topology of measures. (2-7) 

Then there exists a strong solution Xt to (jl.ip s.t. (X™ — £,t £ [0,T]) n 
converges in L P (Q, L°°([0, T])) for all p > 1 to (X t -£,t € [0,T]), with 
X™ the solutions to (jl.3p . In addition, u(dt,dx) = u(t,dx)dt, where 
u(t, ■) is the law of Xt for all t £ [0, T]. 
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(ii) Uniqueness: Let X andY be two solutions to (jl.ip with one- dimensional 
time marginals ux(t,-) and uy(i, •) on [0,T]. Assume that F G L°° , 
Xq =Yq a.s. and that 



\F\\ W $,weak( Ux -) + [|-F[|j^,u>eok( uy ) + || O" || fjl ( Ujf ) + 1 1 0" 1 1 }{1 ( Uy ) < 



for some super linear function <j). Then one has pathwise uniqueness: 
suPte[o,T]\X t - Y t \ = a.s. 

Note that we do not require any ellipticity on a for this result. In that sense 
we cannot hope to have any smoothing effect from the Wiener process and 
the assumption on F must be enough to provide well posedness in the purely 
deterministic setting (cr = 0). In this case, taking any uq G L°°, our result 
gives that there exists a unique solution of X t = F(t,X t ) with Xq = £ and 
with law u G L°° provided that there exists a sequence of regularized F n s.t. 
u n — > u for the weak-* topology with u G L°° and a super linear (j> s.t. 

^^oiL l|F + MLVF|lil ([ ' T ] xRd )- 

The first point is for example implied by the assumption divF G L°° and 
the second one can be proved to hold if F G L\ loc {Wx ' ) as in the proof of 
Corollary 11.11 below. Hence, we recover the classical results of DiPerna and 
Lions [5] but not the optimal BV assumption from Ambrosio [2]. 

In dimension 1, the result is even better: we recover the H 1 / 2 type of 
assumption from [2HJ [20l [7] , but we lose a little bit on F (we have to use 
(12^1) instead of (Q ). 



Theorem 2.5 Assume that d = 1. One has 

(i) Existence: Assume that there exists a sequence of smooth F n ,o~ n G L°° , 
such that the solution u n to (jl.4p satisfies 

[ [ (\a n -<r\ + \F n - F\) du n dt — ► 0, 
Jo Jr 

sw P(\\ F \\w^(u n ) + [l°1liiV 2 («n) + W F n\\L°° + < OO, 

n 

u n — > u for the weak- * topology of measures. 

Then there exists a strong solution Xt to s.t. (X^ — ^t G [0,T]) n 
converges in I? (p,, L°°([0,T])) for all p > 1 to (X t -£,te [0,T]), with 
X™ the solutions to (jl.3p . In addition, u(dt,dx) = u(t,dx)dt, where 
u(t, •) is the law of Xt for all t G [0, T\. 
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(ii) Uniqueness: Let X andY be two solutions to (jl.ip with one- dimensional 
time marginals ux(t,-) and uy(i, •) on [0,T]. Assume that F G L°° , 
Xq =Yq a.s. and that 

\\ F \\w^(u x ) + 11-^11 w 1 - 1 ^) + IWWm/^iux) + hWm/^uy) < 00 • 
Then pathwise uniqueness holds: sup te [ ^]\^t — Yt\ = a.s. 

Of course, while precise, the norms given by (|2.ip - (|2.3p or f|2.4|) — (|2.2j) 
are not so simple to use. However it is quite easy to deduce more intuitive 
results with the more usual W 1,p norms. We recall that M is continuous 
onto every LP space for 1 < p < oo and hence appropriate Sobolev norms 
are controlled by the norms || • ||#i( u ) and || • [|jvM(te) if some L q estimate is 
available on the law u. 

One complication occurs when ux G L°° and one wants to obtain the 
close to optimal W > assumption on F (instead of W 1,p for some p > 1) as 
the maximal function is not bounded onto L 1 . This is the reason why we 
defined (|2.3j) . which can be used following (we recall the main steps in 
the appendix). 

Therefore, Theorems 11.11 and 11.21 are simple corollaries of Theorems 12.41 
and 12.51 respectively, except for the previous complication for Theorem ll.il 

In order to apply Theorems 11.11 and 11.21 we need to consider cases where 
it is possible to obtain better integrability than L 1 bounds for a solution to 
(II. 2D . This occurs in various situations, some of which will be studied in the 
next Subsection. One difficulty to apply Theorems 11.11 (ii) and 11.21 (ii) is to 
obtain pathwise uniqueness without restriction on the set of solutions con- 
sidered. This will of course be ensured if uniqueness in law is known for (|l.ip . 
More precisely, if the conclusion of Theorem 11.11 (i) or Theorem 11.21 (i) holds 
and there is uniqueness in law for (jl.ip . then ux = uy = u for all solutions 
X and Y to (jl.ip as in Theorem 11.11 (ii) or Theorem 11.21 (ii) and hence path- 
wise uniqueness holds. This argument will be used repeatedly in the next 
subsection. 

2.3 Consequences 

Let us first consider the case where a is uniformly elliptic: for all t, x, 

-aa*(t,x) = a(t,x)>cL (2.8) 

for some c > 0. For example if F = and a does not depend on time, 
then there exists a corresponding stationary measure u > in L d ^ d ^^ as 
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per Aleksandrov [1J. In that case, when uq < Cu, then the unique solution 
u of (|1.2p in L 2 /oc (L^) satisfies u(t,dx) < Cu(x)dx for all t > by the 
maximum principle. 

Corollary 2.6 Assume that F = and cr(x) satisfies (|2.8p and belongs to 
L°° n for L°° n 7L 1 / 2 ifd=l). Assume also that u < Cu for some 

constant C > 0. Then one has both existence of a strong solution to (jl.ip 
and pathwise uniqueness. 

Note that pathwise uniqueness holds without additional assumption since 
a G W l,2d implies that a is continuous. And uniqueness in law holds in this 
case since a and F are bounded and a is uniformly elliptic |25t Thm. 7.2.1]. 

Those results were later extended by Krylov in the parabolic, time de- 
pendent case \12\ 114] . We may for example use the following version found 
in m\. 



Theorem 2.7 Assume that F and a are bounded and a satisfies (|2.8p . 
Then, for all solution X of (II. ip with any initial condition, for all T > 
and p, q > 1 such that 

d 2 

- + - <2, 

P Q 

there exists a constant C such that for all f G L\{FPx) 

T 



E 

This result means that 



f(t,X t )dt 



o 



< c|I/IIl? ( ls)- 



u G L\ (Lg 



where 1/p + 1/p' = 1 and l/o + 1/q' = 1, and we obtain the following 
corollary. 

Corollary 2.8 (i) Assume that d > 2, F, a G L°°, a satisfies (|2l5j) . F G 

L t!L( W x P/2 ) and a G L {ioc( W x P ) with 2 /l + d /P < L T/ien one ^ as 
6o£ft existence of a strong solution to (II. ip and pathwise uniqueness 

for any initial condition £. 

(ii) Assume f/iai d=l, F, a £ L°°, cr satisfies (|2T5]> . a G L^ oc (W"i /2,p ) wi/i 

2/9 + 1/p < 1 and F G L^ c (^i' p/2 ) i/p > 2, L G L|^(W 1,1+e ) /or 
some e > if p <2. Then one has both existence of a strong solution 
to (ll.ip and pathwise uniqueness for any initial condition £. 
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Note that in this case, pathwise uniqueness holds without additional as- 
sumption since Krylov's inequality implies that u G Li (L x ) for all solutions 

to CEZQ) . 

In our setting, since we need additional regularity on a, it is easy to 
obtain better a priori estimates for u than those given by Krylov inequality. 
For instance: 

Proposition 2.9 For any d > 1, assume u° G L 1 n L°° , F, a G L°° , a 
satisfies (|2.8p and Va G Lf loc (Lx) satisfying 2/q + d/p = 1 u>i£/i p > d. 
Then any u solution to (|1.2p . Zimif of smooth solutions, belongs to L^°(L X ) 
/or any 1 < r < oo. 

This proposition is based on classical energy estimates and hence we just 
give a very short proof of it in Section [6) Combined with Theorem 11.11 
this gives slightly better conditions for a and much better conditions for F, 
assuming additional conditions on the initial distribution: 

Corollary 2.10 Assume that d > 2, u° G L 1 n L°° , F, a G L°° , F G 

L tioc( W x ) and Va G L tioc( L *)> where 2 /l + d/p=l with p> d. A ssume 
as well that a satisfies (|2.8p . Then one has existence of a strong solution to 
(II. ip with marginal distributions u(t,dx) in L^ oc (L^°). In addition, path- 
wise uniqueness holds among all solutions with marginal distributions in 

As above, the pathwise uniqueness property could be improved if we could 
prove that uniqueness in law holds. If d = 2, uniqueness in law holds when a 
and F are bounded and a is uniformly elliptic [13!. When d > 3, by Sobolev 
embedding, the assumption Va G L^ /oc (LS) implies that x \-t a(t,x) is 
continuous for almost all t > 0. This condition is not exactly sufficient to 
use the result of Stroock and Varadhan |25} Thm. 7.2.1], which assumes 
that sup tg [ 0T ] \a(t,x) — a(t,y)\ — > when y — > x. This is true for example 
ifVa€^(Lg)forp>d. 
Hence we obtain for (jl.ip 

Corollary 2.11 Assume that d > 2, u° G L 1 n L°° , F, a G L°° , F G 

L\i oc (Wx' ) and Vcr G L^ oc (L§) where 2/q + d/p = 1 with p > d. Assume 
as well that a satisfies (12 .8j) . and if d > 3 that for all x, 

sup |cr(t, a;) — a(t, y)\ — > when y — y x. 

t£[0,T] 

Then one has both existence of a strong solution to (jl.ip and pathwise 
uniqueness. 
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This result can be compared with previous works dealing with the uni- 
formly elliptic case. The best results in this case seem to be those of |30| 
and [21] . In the first work, strong existence and pathwise uniqueness are 
proved under the assumptions Vcr G L^ oc (L§), a(t,x) uniformly continuous 
with respect to x and F G Lf loc (Lx) with d/p + 2/q < 1, so we obtain a 
slightly better condition on a (we can handle the limit case d/p + 2/q = 1 
and no uniform continuity is needed for strong existence), and a condition 
on F which is neither stronger nor weaker, since L\ i oc {Wx' ) neither con- 
tains nor is contained in L?, with d/p + 2/q < 1. In the second work, 
since the approach for pathwise uniqueness is very different, the conditions 
obtained are of a different nature as ours. In particular, this work requires 
additional boundedness assumptions on diver and (Da) 2 . 

In dimension 1 in the stationary case, even if (12. 8h is not satisfied but 
instead only 

1 a 2 (x) = a{x) > 0, (2.9) 



2 

then one has the a priori bound 



C J- EM d y 

u(t,x) < —— e Jo a M y , 
a(x) 

for solutions to (jl.2p again provided that u° satisfies the same bound. There- 
fore, we obtain 

Corollary 2.12 Assume d = 1, a,F G L°° , a satisfies F/a G L 1 , 

C r* EW dy 
uq(x) < ——- e J0 a (f) 
a(x) 

and 

f {M\d l ' 2 <j\(x)) 2 , . f M\VF\ , . n 1 . 

/ — . ' dx <oo and / — !— <ix < oo. (2.10) 

T/ien one /ias both existence of a strong solution to (|1.1[) and pathwise 
uniqueness. 

Note that the assumptions (|2.10p imply that a -1 G -^/ oc , which is a necessary 
and sufficient condition for uniqueness in law when F is bounded [7]. 
We will prove in Lemma 13.31 of Section [3] that for all x, y 

\o-(x) - a(y)\ < (M\d l J 2 o\(x) + M^Ky)) \x - y^ 2 . (2.11) 
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This inequality allows us to compare our result with similar results of the 
literature [281 ED [201 E! • The best conditions in the time homogeneous case 
seem to be those of [7J Thm. 5.53] and [28]. The first work assumes that 
\cr(x) — cr(y)\ < Cyf\x — y\ and that F/a G Lj oc , so our result gives better 
conditions for a, but worse conditions on F. The second work considers the 
time-inhomogeneous case and assumes that F(t,x) is uniformly Lipschitz in 
the variable x and \a(t,x) — <r(i, y)\ < h(\x — y\) where the function h is 
strictly increasing and satisfies J Q+ p~ 2 {u)du = +oo. Our conditions on F 
are better, our conditions on a do not directly compare with the last ones. 
However a typical scale for h is h{u) = ^fu and in that case, by (|2.1ip . our 
bound on \u{x) — o~{y)\ is less stringent. We can also compare with known 
results in the case where F = 0. The best result in this case seems to be the 
one of [7J, which assumes that there exist a function / on 1 and a strictly 
increasing function h on M + such that \cr(y) — o~(x)\ < f{x)h{\y — x\) for all 
x, y, f/a G L\ oc and J Q+ p~ 2 (u)du = +oo. Our result is slightly weaker than 
this one since we must take h(u) = yju as above, but the bound (|2.1ip is 
more general than the one of [7J. 

We point out that, in higher dimension as well, ellipticity is not always 
required for bounds on the law . We give the classical example of SDE's in 
the phase space M. 2d 



dX t = V t , dV t = F(t,X t )dt + a(t,X t ) dW u X = x, V = v. (2.12) 



The law u(t, x, v) of the joint process (X t , Vt)t>o solves the kinetic equation 



Eq. (12.13P is in fact better behaved than (II. 2p for rough coefficients as its 
symplectic structure for instance guarantees that it satisfies a maximum 
principle for all measure-valued solutions: note that the rough coefficients 
are only in t, x and always multiply derivatives in v. In particular there 
is uniqueness among all measure- valued solutions, and if u° € L°°(M, 2d ) 
then u G L°°(M + x R 2d ). This is true even though the diffusion in (12.121) 
is degenerate (there is no diffusion in the x direction, and a can also be 
degenerate) . 

Hence in this situation, one obtains an even better result. 

Corollary 2.13 Assume that a G L°° n L 2 loc {Hl) and F G £^ oc (Wi ,:L ). 
Assume also that uq G L°° . Then one has both existence of a strong solution 
to (]2.12p and pathwise uniqueness. 



dtu(t, x, v)+v-V x u(t, x, v )+F(t, x)-V v u(t, x, v) = aij(t,x) 

l<i,j<d 



d 2 



u(t, x, v) 



dvidvj 
(2.13) 
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To conclude, let us observe that most of the previous results give strong 
existence for smooth (and so non deterministic) initial distributions. How- 
ever, one can use the next result to obtain strong existence and pathwise 
uniqueness for almost all deterministic initial conditions. 

Proposition 2.14 Under the assumptions of either Corollary \2.6\ Corol- 
larv \2.1I[ Corollarv \2.12\ or Corollary \2. 131 for any complete filtered proba- 
bility space (0, (J 7 t)t>o,P) equipped with a r -dimensional standard Brownian 
motion W , there is strong existence and pathwise uniqueness for (jl.ip on 
(fi, (J~t)t>o, P; W) for almost all deterministic initial condition £ = x E M. d . 

The proofs of the previous results are organized as follows. We start 
in Section [3] with some simple technical proofs, including those of Proposi- 
tions 12. 1[ 12.21 and 12.31 Section H] is then devoted to the proof of Theorem 12.41 
Section [5] to the proof of Theorem 12.51 Section [6] to the proof of Propo- 
sition 12.91 and Section [7] to the proof of Proposition 12.141 The proof of 
Theorem II. II is given in Appendix [71 

3 Useful technical results 

The results and proofs presented in this section are mostly easy extensions 
of well-known techniques, which we need in following sections and hence 
include here for the sake of completeness. 

3.1 Pointwise difference estimates 

We often need to estimate the difference of the coefficients a of F at two 
different points x and y during the proofs. Hence we collect here all the 
results which allow us to do so and that we later use. In all those estimates, 
time is only a parameter and we accordingly omit the time variable in most 
formulas. 

We start by recalling the classical inequality (see [24j for instance) 
\a(t,x)-a(t,y)\ < (M\V x a\{t,x) + M\V x a\(t,y))\x - y\. (3.1) 
We next turn to an extension with the operator Ml used in the definition 

(ED 

Lemma 3.1 Assume that F is measurable and |V-F| is a measure then for 
any x, y G M. d 

\F(t, x) - F(t, y)\ < (h(t, x) + h(t, y)) (\x - y\ + \ j , 
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with h(t,x) = \F(t,x)\ + M L VF(t,x). 



Proof First observe that by the definition of h, the result is obvious if 
\ x — y\ < 1/L or if \x — y\ > 1. Assume now that 1/L < \x — y\ < 1. We 
recall the Lemma from 

Lemma 3.2 Assume F is measurable and \VF\ is a measure. There exists 
a constant C s.t. for any x, y 

\F(x) - F(y)\ <C f \VF(z)\ (- L_ + 1 \ dZf (3 . 2 ) 

JB(x,y) \\ x ~ z \ \y ~ z \ J 

where B(x,y) denotes the ball of center (x + y)/2 and diameter \x — y\. 
Now |VF| < v / IogL+ \VF\ \xj F \>V^gL and thus 



Jb(sd,v) \ x ~ z \ JB(x,l 



\X ~ y\ J B{x,y) \X ~ A d 1 Jb{x,1) { 1 / L +\X- z\)\x- Z\ d l ' 

where we used that if z E B(x,y) then \x — z\ + 1/L < 2 \x — y\. By the 
definition of Ml, this concludes the proof. □ 

1/2 

Let us turn now to our last bound which uses d x o~ 

1/2 

Lemma 3.3 Assume that a and d x o~ are measurable then for any x, y 
\a(t,x)-a(t,y)\ < (M\d l J 2 a\(t : x) + M\^ 2 a\(t,y)) |*-y| 1/2 . 



1/2 

Proof By the definition of d x o~ 

a(x) = K -k 8l /2 a, 
for the convolution kernel K with K = |£| -1//2 , which implies that 

\K(x)\ < C\x\ d - l l 2 , \VK(x)\ < C\x\ d+1 / 2 . (3.3) 
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Now simply compute 

k(x) - a(y)\ < [ \K(x - z) - K(y - z)\ \d l J 2 a{z)\ dz 

J\z-x\>2\x-y\ 

+ / (\K(x-z)\ + \K{y-z)\)\dy 2 a{z)\dz. 

J\z-x\<2\x-y\ 



Denote \x — y\ = r. One has by (|3.3p 

f f nn(d-l/2) 

/ \K{x-z)\\&J*a{z)\dz< E / -5=175- 

J| 2 - a; |<2r „7_VI*-a;|<2-T r 

< 2- n /V/ 2 M|ay 2 <r|(x) = Cr^MI^/VKx). 
n>-l 

Since |z — x\ < 2r implies that \z — y\ < 3r, one has the same inequality 
/ \K(y - z)\ \d l J 2 a{z)\ dz < C r 1 ! 2 M\d x J 2 cx\{y) . 

J\z-x\<2r 

As for the last term, first note that if \x— z\ > 2 \x— y\ then \y— z\ > \x — z\/2. 
Hence by (|3.3p if \x — z\ > 2 \x — y\ 

\K{x-z)-K{y-z)\<C- |x_y| 



\x - z\ d+1 / 2 ' 
Therefore 

\K{x-z)-K(y-z)\\d 1 J 2 a{z)\dz 

\z-x\>2\x-y\ 

^J| Z -x|>2"r (2 n r) d+l / 2 
< Cr 1 / 2 J2^ n/2 M\9l /2 (r\(x) < Cr l l 2 M\dll 2 a\{x). 

n>l 

Summing up the three estimates concludes the proof. □ 
3.2 Proof of Prop. [27Q MM EH 

Note that the time variable again plays essentially no role here. We may of 
course assume that u is not identically 0. 
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Let us first check that is a norm. The triangle inequality and 

the equality ||Acr||#i( u ) = |A| Ho'H^fu) are straightforward. Now assume that 
INI/f^u) = °- 

This means that a = and M|Vcr| = on the support of u. Since this 
support contains at least one point and by the definition of the maximal 
operator, Vcr is identically 0. Thus a is a constant which is necessarily as 
it has to vanish on the support of u. 

Now let a n — > a in the sense of distributions. Take any point x and 
any c > 1 

i„/n m f \V<r\(x + z) dz < — - liminf/' \Va n \(x + z) dz 
p(0,r)|Jfl( Oir) \B{0,r)\ Jb^cv) 

< c d liminf M\Va n \(x). 
Taking now the supremum in r, we deduce that for any c > 1 

M\Va\(x) < c d liminf M\Va n \{x). 
Apply now Fatou's lemma and let c go to 1 to deduce 

(M\Va\(x)) 2 u(dx) < liminf f (M\Va n \(x)) 2 u(dx). 



Using (|3.ip . it is easy to deduce the same inequality on the full H 1 ^) norm. 

Let us now turn to the last part. Denote / = |V<r|, / is a non neg- 
ative, measurable function, possibly with +oo values on large sets. Then 
g = (M/) 2 is non negative, measurable, lower semi-continuous and again 
possibly with +oo values on large sets, see [23| for instance. Note that for 
any positive measure /i 



9 ^ = Jo J I ^ x)> ^ tJ '^ dx " > 

Now assume u n — > u in the weak-* topology of M 1 with u n > 0. Note that 
for any open set O 



du < liminf / du n . 
o Jo 

Take O = {g(x) > ^} which is open by the lower semi-continuity of g. 
Therefore 



g du < liminf / gdu n , 

which finishes the proof of Prop. 12.11 

Prop. 12.21 and 12.31 are proved in exactly the same manner. 
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4 Proof of Theorem 12.41 



We use two types of estimates; one is based on an explicit quantitative 
estimate which generalizes the one in [1] for Ordinary Differential Equations 
and one which generalizes the local time which is used in dimension 1 in 
the classical approach [28j US E] • We use the first quantitative estimate to 
prove existence and the second one to prove uniqueness (though with suitable 
modifications any one could be used for both existence and uniqueness). 

The first method is more precise but slightly more complicated than the 
second. 

4.1 Existence 

We consider the sequence of solutions to the regularized problem fjl .3|) , and 
assume it satisfies the assumptions of Th. 12.41 We fix T > in all the 
proof. The proof is based on estimates on the expectation of the family of 
quantities 



given in the following lemma. 

Lemma 4.1 There exists a constant C such that, for all < e < 1 and 

n, m > 1, 




(4.1) 



te[o, T] 



sup E(QW(t)) < C (1 + | log e\ 77(e)) + C 



rj(n, m) 
e 2 



(4.2) 



where rj(n,m) — > when n,m — > +oo and fj(e) := (e<j>(£ 1 )) 



when 



e->0. 



Proof Note that 



|V(log(l + |x|»)| 



2x C 



e 2 + \x\ 2 e + \x 



and 
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Thus, by Ito's formula and since sup n (||cj n || 00 + ||-F n ||oo) < +00, for any C 2 
function /, 

E(/(X? - xn) =/(o) + \ f\{v 2 f{x™ - xt) K<(x s «) 

+ a m(J* m ( x 7) - a n(X'!!)a m (X'T) - a m (X™)o* n {X™)) ds 

+ f E(V/(X™ - X?) ■ (F(s, X?) - F(s, X?))) ds 
Jo 

</(0) + ~ j\(\V 2 f(X^ - X^) - a(XT)\ 2 

+ sup|| f 7 fe || L o (\* n (X?)-a(X?)\ + \v m (X?)-o(X?)\)))ds 

k ' 

+ fn\Vf{X^-XT)\\F n {s,XT)-F m {s,XT)\)ds. 
Jo 

(4.3) 

Hence 

\a(s,X2)-a(s,XT)\ 2 \ A , ^(n,ro) 



e 2 



+c r E fi^^)-^.y)iu, ( 4.4) 

with C a constant independent of n and e and 77(71, m) — > as n, m — > 00 
by Assumptions (|2.5p and (|2.6j) . 

Now as Hcrll^i^) + ||<r|| H i( Um ) < 00, denoting h = M\Va\, 



u2 



h (t,x) (u n (t,dx) +u m {t,dx))dt < \\a\\ H i {Un) + \\cr\\ H i( Um) < C, 



with C independent of n, m and e. Now, 

'mil 2 ' 



As u n is the law of X™ then one obtains that 

(s,X?)-a(s,X^- 



£ 2 + | X n _ X 



n ~5Tm|2 



< C. 



We now turn to the term involving F and introduce the corresponding h 
\F\ + M 1/£ VF. 
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By Lemma |3. II 

V e+\X'-X-,\ ) 

< J J h(s , x) (u n (s , x) + u m (s , x)) dx ds 

By the definition (pl3|) 



* f 1 1°§ e l 

/ h(s,x) (u n (s,x) + u m (s,x))dxds < C — - — rr. 

o 7 e^ie -1 ) 

Define 77(e) = (e<^(e _1 )) _1 — )• as e — > since <j> is super linear. 

Combining the previous inequalities, we obtain (|4.2p . □ 



Fix p > 1. The next step consists in deducing from Lemma 14.11 that 
(X™ — £) is a Cauchy sequence in L p (f2, L°°([0, T])). Since F n and cr n are 
uniformly bounded, it is standard to prove that X™ — £ 6 L p ($7, L°°([0, T])) 
for all n > 1, so we only need to prove the next lemma. 

Lemma 4.2 For all p > 1, 

E f sup \X? - X™\ p j — ► asn,m^ +00. (4.5) 



Proof For fixed t, for any e and L s.t. < e < L, 

E(\X? - X r t n \ p ) <E(|X t n - X™\ p ; |X t n - X™| > L) + e p/2 
+ L p F(\X t n - X t m \ > y/i). 

Note that 

E(|xr - xn p ; \x? - x?\ >l)< i(E(|x- - ei p+i ) + E(|x t m - er 1 )). 

By the inequality of Burkholder-Davis-Gundy and since F n and a n are uni- 
formly bounded, it is standard to check that 

sup e(|x™ -ei p+1 ) < +00. 

n>l,te[0,T] 



Finally 
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Thus 

E(\X? - X™\ p ) < C 



1 „/n L p ( , , , , . n(n,m)\ 

l +c + n^i( 1+|log ^ (£)+ ^J 



Taking for example e = r/(n, m) and L = I r + 77(e) I , one con- 



cludes that 

sup E(|X 4 n - X^\ p ) as n, m +00 
te[o,T] 

holds. 

In order to pass the supremum inside the expectation, it suffices to ob- 
serve that the computation of (l4.3H4.4p in the proof of Lemma 14.11 can be 
applied to |^4f Ar — AJ^ T | 2 V |M f " T — M$ T | 2 , where r is any stopping time and 
X" = £ + ^4™ + M t n is Doob's decomposition of the semi martingale X™, i.e. 

A n t = [ F(s,X^)ds and M™ = / <7(s,X^)dW t . 
io Jo 

Note that to be fully rigorous, one first needs to regularize the supremum 
V. 

Instead of (|4.4I) . we obtain 

I A n — A m \ 2 \/\M n — M m I 2 

E log ( 1 + AT tAT l l J "tAr fjgj/Vrj 

e 2 



e 2 + |j4£ - A^| 2 V |M™ - M™| 2 y e 2 

' I \ _ 1 \ A n A m v / 71 /Tti 71 /Tm / " 



e + \Af - Af\ V |M™ - M f m| 
or 

\A7^ - ATI A 2 V IMK, - M m 12 



Elog 1 + 



HAr -^HAtI v l J "Mr -'"Mr I 

e 2 



e 2 + \\X™-Xf\ 2 j e 2 

Therefore, the same computation as in Lemma 14 . 1 1 gives 

sup E(\A? Ar -Ar AT \ p V\M? Ar -Mr AT n ^ as n,m -> +00. 

t£[0,T], t stopping time 
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Since p > 1, Doob's inequality entails 



E( sup |M t n - Ad p ) ^0 as n, m -> +00. 

te[o,T] 

Fix r\ > 0, and fix no such that 

sup E(\A? AT -A? AT n<r, 

t£[0,T], r stopping time 

for all n,m> n . For all M > 0, let r = inf{t > : \ A% - Af\ > M}. Then 

P( sup \A? - A?\ > M) = P(r < T) < JL. 
te[o,r] M ' 

Now, for all 1 < q < p, 

r+00 

E( sup \A n t - A™\ q ) = q / x <? " 1 P( sup \A™ - A?\ > x)dx 
te[o,T] Jo te[o,T] 

Therefore 



V xP J p — q 



E( sup - AJ"! 9 ) -> as n,m-> +00, 
te[o,T] 



which concludes the proof of (|4.5p . □ 

From the fact that (X n - £) is a Cauchy sequence in L p (n, L°°([0, T])), 
it is standard to deduce the almost sure convergence for the L°° norm of 
a subsequence of (X™,t £ [0, T]) n to a process (Xt,i G [0, T]) such that 
(X t -£,te [0,T]) e LP(n,L°°([0,T])) for all p > 1. Since the convergence 
holds for the L°° norm, the process X is a.s. continuous and adapted to the 
filtration {Ft)t>o- 

Since u n converges to u in the weak-* topology of measures, we have for 
all bounded continuous function / on [0, T] x M. d 

E f f(t,X t )dt= [ [ f(t,x)u(dt,dx). 



R d JO 



so u(dt,dx) = u(t,dx)dt, where u(t,dx) is the law of X t . 
Defining for all t G [0, T] 

Y t := [ F(s,X s )ds+ [ a(s,X s )dW S: 
Jo Jo 
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it only remains to check that Yt = Xt for all t G [0, T], a.s., i.e. by continuity 
that Y t = X t a.s., for all t G [0,T]. 
As 

X?= [ F n (s,X?)ds+ [ a n (s,X?)dW s , 
Jo Jo 

one has Y t = X t provided that 

f E(|F n ( S ,JC) - F(s,X s )\ + \* n {s,X?) - a(x,X s )\ 2 )ds — > 0. 
Jo 

From the assumption ()2.5[) and the L°° bounds on F and <r (j2.6|) . this is 
implied by: For any fixed e 

[ T F(\F(s,X^)-F(s,X s )\ > e) +¥(\a(s,X^) - a{x,X s )\ > e) ds ^ 0. 
Jo 

By the almost sure convergence of X™ this would be automatic if F and a 
are continuous or if the law u n was absolutely continuous with respect to 
the Lebesgue measure and equi-integrable (using then the Lebesgue points 
of F and a). In general however we require some additional work. We prove 
it for a, the argument for F being fully similar. 
By Prop. O 

f I (M\Va(t,x)\) 2 (u(t,dx) +u n (t,dx))dt 

Jo J~K. d 

< NlffHun) + limillf IH-ffHtm) - C - 

Now by (^TD 

F(\a(s,X2)-a(s,X s )\>e) 

< F((M\Va\(s, X?) + M\Va\(s, X,)) > e/\X? - X s \) 

< F(\X?-X B \ > e 2 )+F(M\Va\(s,X?) > ^) + F(M\Va\(s, X.) > ±), 

and one easily concludes as \X™ — X s \ — > almost surely. 

Note that this shows that for this precise point, ||er||jf«( u ) < oo for some 
s G (0, 1) would be enough instead of ||c[|#i( w ) < oo. 

4.2 Uniqueness 

Consider two solutions X and Y satisfying the assumptions of point (ii) in 
Th. 12.41 Define a family of functions (L £ ) £ in C°°(IR d ) satisfying 

L e (x) = lif |a?| > e, L e (x) = if \x\ < e/2, e ||VL e || LOO +e 2 ||V 2 L £ || < C, 
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with C independent of e, and L £ (x) > L £ i(x) for all e < e' and x € M. d . Use 
Ito's formula 

E(L £ (X t - Y t )) =L(0) + l\ (VL £ (X S - Y s ) ■ (F(s, X s ) - F(s, Y s )) ds 

Jo 

+ J e(v 2 L £ (X s - Y s ) : (aa*(X s ) 

+ aa*(Y s ) - a(X s )a*(Y s ) - a(Y s )a* (X s ))) ds. 

Hence 

\<j(s,X s ) - a(s,Y t 



>j\ 2 



E(L e (X t - Y t )) <C J E(l £/2 < |Xt _ yt| < £ (J 

■ F(s,X s )-F(s,Y s )\ ^ d ^ 



+ 



Now denote h = M\Va\ so that 

cT 



J J \h(t,x)\ 2 (u x (t,dx) + u Y (t,dx)) dt < C < oo. 

Define as well h £ = \F\ + M 1/e VF s.t. 

rT r C\\oge\ 



J J h e (ux + uy) dx ds < 



The corresponding computation involving h £ is now tricky, precisely because 
of the dependence on e in h £ . To simplify it, we will use a slightly different 
definition. 

First note that one can always replace by a function growing slower 
(as long as it is still super linear). Without loss of generality, we may hence 
assume that /£ is a non-decreasing function which grows at most like 
log £ and in particular that 

y<t>{e- l )<^f<Ce<t>{e^) V£ G [e~W e~\ 

Consider a partition of (0, 1) in \] i Ii where the Li = [m, hi) are disjoint with 
h = y/ai (except for Iq := [1/2, 1)) so that 

\h\ ~ V^i when i — > +oo. 
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Now for any e € Ij, choose h £ = h a% . One has 




/i e (t,x) + u Y (t,x))dxdt < C - , ' < 2C 2 



£0(e) " 6» 0(67" 
Now by (|3.ip and Lemma 13.11 

E(L £ (X t -Y t )) <C (\[{h\s,X s ) + h 2 {s,Y s ))t £/2 <\ Xt _ YA < £ ] ds 
Jo 

+ C / E[(h £ {s,X s ) + h £ {s,Y s ))t £/2 < lXt _ Ytl < £ ] ds. 
Jo 



Denote 

r-t 

iT7> ri.2f_ v \ v.1l \\-<\ 

- 1 <|x t -y t |<2- 



a k = / E 
Note that 







(/i 2 ( s ,x s ) + ^ 2 ( s ,y s ))i 2 _ fc - 



ds. 



Va fc < [ t E{{h 2 (s,X s ) + h 2 {s,Y s )) ds 
u Jo 




h 2 (s, x) (ux(dx, s) + uy(dx, s)) ds < C. 
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Therefore at — > as k — > +00. 
Denote similarly 



Pk = j E (ih 2 -k{s,X s ) + h 2 - k (s,Y s )) l 2 -fc-i<|x t -y t |<2- fc ) ds - 



Denote JJ = {k, [2~ k - 1 , 2" fc ) C /;}. Note that |Jj| > £|log&i| (in fact, 
I Jj| = 2 iog & 2 ) anc ^ smce i s fixed on £ £ I; 



^(s, x) (ux{dx, s) + uy(dx, s)) ds 



C 2 

< 1 >• as 1 — > 00. 

Therefore /3 nfc — > as A; — > +00 for some subsequence — > +00. Conse- 
quently, since the sequence of functions L £ is non increasing, 

sup E{L £ {X t - Y t )) — ► as e -> 0. 
te[o, T] 
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On the other hand 



E(L £ (X t -Y t ))>F(\X t -Y t \ >e), 



and by taking the limit e — > 0, we deduce that for any t £ [0,T] 



F(\X t - Y t \ > 0) = 0. 



Therefore, Xt = Yt for all t E Q Pi [0, T] almost surely, and since Xt and Y% 
have a.s. continuous paths, we deduce that 



This proof follows exactly the same steps as the general multi-dimensional 
case given in Section HI The only differences are the functionals used and 
accordingly we skip the other parts of the proof which are identical. 

Technically the reason why the one dimensional case is so special is that 
| a; | is linear except at x = 0. We do not know whether this corresponds to 
a deeper more intrinsic difference between d = 1 and d > 1 or if the better 
results are in fact also true for d > 1. 

5.1 Existence 

For d = 1, we replace the functional Qnm by 



for Jj™' m a nonnegative random variable satisfying dU™' m = A"' m dt with 
A™'" 1 an adapted process (measurable function of a continuous, adapted 
process) to be chosen later. 

Note that f(x) = \x\ log(l + \x\ 2 /e 2 ) satisfies 



P( sup \X t -Y t \=0) = 1 

te[o,T] 



which proves pathwise uniqueness. 



5 Proof of Theorem 12.51 





and 




e + \x 



C 
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Therefore by Ito's formula 

\v(X»)-*(X?)\ 2 \ J , r,(n,m) 



+ J* E (\X% - X™\ log(l + \X? - X s m | 2 /e 2 ) 



\F(s,X?)-F(s,X?)\ 



The first term is treated identically as for the multi-dimensional case. The 
only difference here is that the careful choice of Qnm improved the exponent 
of \Xg — X™\ to 1 instead of 2 in the denominator. Therefore this term can 
be controlled with the H l / 2 (u n ^ m ) norm of a by using Lemma 13.31 instead 
of estimate (13. li . 

The drawback is that the term with F must be dealt with differently. 
We introduce h = M|VF| s.t. 

T f ~ 

/ h(t, x) (u m (t,dx) + u n (t,dx)) dt < C. 
JR d 



\?> m = 4[h(t,X™) + h(t,X?)). 



One poses 

\ 

Therefore we deduce that 

r](n, m 



supE(Q(i(t))<C + 

t<T 

Using a similar method as in Theorem 12.41 we write for constants L and K 
to be chosen later 

E(|X t n - X™\P) < R(\X? - XP\P; |X t n - Xp\ > L) + 1 



loge|p/ 2 

+ F{U?' m > log K) + L p F I |X t n - X™\ > 1 ; U^ m < log K J 

V V I loge| y 

Note that 

E(C/ t n,m ) = E ( [ \™> m ds)< [ h(s,x)(u n {s,dx) +u m (s,dx))ds < C. 
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Consequently 

P([/"' m > log(AT)) < ( ' 



log A" 

In addition, for e small enough, 

P ( \X? - X?\ > - 1 ; U^ m < log if ) < KE Q» m ® 



y / \Toge\' J 2y/\ loge] 

Therefore, 

r](n,m) 

e 



! i i ^ 1 + 

E(|X t n - X™\P) < C I - + — + + 



L |loge|P/ 2 log K yftogFl 

Taking for example e = rj(n,m), K = | log e| 1//s and L = |loge| 1 / 8p , we 
deduce that 

sup E(|Xf - X 4 m | p ) ->■ 0, as n, m +oo. 
te[o,T] 

The rest of the proof is similar. 
5.2 Uniqueness 

For simplicity, we assume here that F = 0. Otherwise it is necessary to 
introduce iA as in the previous subsection but it is handled in exactly the 
same way. 

We similarly change the definition of L £ in 

L e (x) = \x\ if |x| > e, L £ (x) = if \x\ < e/2, ||VL £ || L oo +e ||V 2 Z £ || < C, 

with C independent of e. 
Applying Ito's formula 

E(L e (X t - Y t )) < C f\(t £/2 <\x t -Y t \<. 

By using as before the assumptions, Lemma 13.31 and the corresponding def- 
inition of H l l 2 (ux) and H 1 / 2 {uy), one deduces that 

E(L e (X t - Y t )) — > as e -> 0. 
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This is slightly less strong than before {L £ S> L £ for id) but still enough. 
In particular one has if a > e 

H\X t - Y t \ > a) < -E(L £ (X t - Y t )). 
a 

Therefore by taking e — > 0, one still obtains that for any t E [0, T], 

F(\X t - Y t \ > 0) = 0. 
The conclusion follows in exactly the same way as before. 

6 Proof of Prop. MM 

We simply use the energy estimates. The computations below are formal 
but could easily be made rigorous by taking a regularization of a, F and 
hence a and then pass to the limit. 

| /«■<«,,)* = -« (o - 1) it, x)V„(t, x) ■ F(i, x) * 

-.(«-.)/.-'H.W<,«f*.)H# 

-a(a-l) y u-'ft.x) ^ 



(9u(t, x) daij(t, x) 



dxi dxj 
i<i,j<d J 



Note that by ^M) 

j u a - 2 {t,x)Vu(t,xf a(t,x)Vu{t,x)dx > C \\Vu a/2 \\\ 2 . 



On the other hand 



/„-( t ,x)V„( t ,x)-F(M) <fa <l|V^|| i2 ||^|| il ||F| k . 



< j||VW 2 ||^ 2 +C" / u a (t,x)cte. 



And 

/^c*,*) E dj %r L da t ,x) dx - l|wt/2|b IK/2 Va|b 

l<i,j<d 1 3 

< \\Vu a/2 \\ L 2 \\Va\\ LP ||n Q/2 || L -- 
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with 1/2 = 1/p + 1/r, which can be done since p > d > 2 . Now by Sobolev 
embedding 

6/2 

\ U a/2 \\ L r < ' ' 



/ u Q dxj ||VW 2 ||^, 



for some 9 G (0, 1], precisely 1/r = 1/2 - (1 - 0)/d or (1 -6)/d = 1/p, 
provided that p > d. In that case we immediately deduce that 



d 
dt 



J u a (t,x)dx + j J \Vu a/2 \ 2 dx < C" (l + ||Va||^f) J 



u a dx. 



This concludes the bound provided that 



Jo 



10 

which means that Va G L^ oc (L^) with 1/q = 6/2 = 1/2 — d/2p. This 
exactly corresponds to the condition 2/q + d/p = 1 with p > d. 

Note that p = d is critical here in the sense that the result could still 
hold in that case provided that the norm of Va is small enough with respect 
to the constant of ellipticity. 

Finally we hence deduce that for any t and any a < oo 

\\u{t,.)\\ La < \\u{t = 0,.)\\ La < C, 

with C independent of a since uq G L 1 nL°°. This implies that \\u(t, < 
C and finishes the proof. 



7 Proof of Prop. [2341 

We are going to prove this result under the assumptions of Corollary 12.111 
The other cases are completely similar. 

Fix a complete filtered probability space (O, {Ft)t>o-, P) equipped with 
a r-dimensional standard Brownian motion W . Fix also no > in L 1 n 
L°°. Then, by Corollary \2jXj\ on the probability space {R d x 0, (B(R d ) ® 
J 7 t)t>o,uo(x)dxF(du)), there is strong existence and pathwise uniqueness 
for (ll.ip with = x. We deduce that strong existence for almost every 

deterministic initial condition holds for (jl.ip on (O, (J r t)t>o, (Wt)t>0)IP)- 

For uniqueness, the two key points are 

• first, that u G L°°, <r G H l {u) and F G VF 9i ''" ,eafc (u) (instead of uniform 
bounds for u n only as in Theorem 12. 4ft : 
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• second, that we are always in cases where uniqueness in law is known 
for all initial conditions in (jl.ip , and in particular for all deterministic 
initial conditions. 

For all x such that strong existence holds for (II. ip with £ = x, let Xf and 
Xf be two strong solutions of (jl.ip such that Xq = Xq = x a.s. Repeating 
the proof of Lemma 14. 1\ we have 



/ I Y% Y% 1 2 

Elog 1+ '^ ~ XA 



< C / E 



o 



M\Va\(s,X*) 2 + M\Va\(s,X*) 



x\2 



ds 



+ C / E 



(\F\+M 1/£ VF)(s,X*) + (\F\ + M 1/£ VF)(s,X* 



ds 



By uniqueness in law, for all s > 0, X£ and X% have the same distribution, 
and so 



Elog 1 + 



\Xf - XI 



x\2 



< C [ E [((M\Va\) 2 + \F\+M 1/e VF) (s,X*)] ds. 
Jo 

Let us denote by Mf(x) the integral in the r.h.s. Note that the l.h.s. may 
not be a measurable function of x, but Mf (x) is, and choosing (ft as in the 
proof of Corollary 11.11 



Mf(x)u (x)ds 



JR d 



({M\Va\f + \F\+M l/£ VF) (s,x)u(s,dx) ds 



I logfj 

Now, copying the proof of Lemma 14.21 

E(\Xf-Xf\)<C 



n 1 LMf(x) 
L |loge| 



Let us denote by Nf{x) the r.h.s. Choosing L 
r](e) = (e(j)(e^ 1 ))^ 1 , we obtain 



|loge| 



with 



^ £ (x)u (x)ds < C v / e + 



1 

loge 
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Since the r.h.s. converges to when e — ¥ 0, there exists a sequence — > 
such that N^ k (x) — > for almost all x. The diagonal procedure then shows 

the existence of a subsequence e' k — > such that N t k (x) — > for almost all 
x and for all t in a dense denumerable subset of [0, T\. Since the paths of 
X x and X x are continuous, we deduce that pathwise uniqueness holds for 
almost all x G R d . 



Appendix: Sketch of the proof of Corollary 11.11 

The only thing left to prove after Theorem l2.4l is: Assume u £ L q tloc {lT x 
then show that, for some super linear <j), 

\W\\m(u) < C ||V0-|| L 2,^ (i 2 P) , \\F\\ W v, W eak {u) < C \ \ VF | | x « . 

From the fact that the maximal operator M is bounded on L p , p > 1, then 
this is straightforward for a (as 2p > 2 > 1). It is also the case for F 
whenever p > 1 (taking (j)(M) = MlogM). 

Therefore the key point is how to prove that for F when p = 1. 

Now fix L and denote 



h(t, x) 



i f VI< 

JB- L (x) [ L 



\VF(t,z)\ hvF\>J^L dz 



|VF|>yT5^i 

+ \x — z\)\x — z 



d-l 



where B\(x) is the ball of radius 1 centered at x. As p' = oo, for almost any 
fixed t, u(t, ■) £ I 1 n and hence 



h(t, x) u(t, x)dx <C ydog L + C \\u(t, .)\\l°° 

|VF(t,z)|l |VF| > v ^dz 
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\d-l 



dx 



<C yOogT + C log L ||t*(t, Ob- || VF(t, .) Vi^v^lllA, 

by Fubini's theorem. 

Therefore integrating now in time, by Holder's estimates 

J J h(t,x)u(t,x)dxdt < C7loiLr + C'logL||VFl |VF| > v ^|| i?(L i ) . 

Now if V-F 6 L|(L^) then de la Vallee Poussin classical integrability result 
means that there exists a super linear ?/> s.t. 

WViOLf^i) < oo. 
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Consequently 



! f h(t, x) u(t, x) dxdt<C v 7 !' 



ogLT + C 



(logL) 3 / 2 



Jo J 



^(VBgX)' 



We may conclude that || V F\\ W 4,, wea k is bounded for (f> defined by 



L 



logL V(VlogL) 



which is hence also super linear. 

Acknowledgements. P-E Jabin was partially supported by the KI-Nct 
research network, NSF Grant f 107444. 

References 

[1] A.D. Aleksandrov, Uniqueness conditions and estimates for the solu- 
tion of the Dirichlet problem. Vestn. Leningr. Un-ta. Ser. Matematika, 
Mekanika, Astonomiya 13(3) (1963), 5-29. 

[2] L. Ambrosio, Transport equation and Cauchy problem for BV vector 
fields. Invent. Math. 158, 227-260 (2004). 

[3] N. Champagnat, P-E Jabin, Well posedness in any dimension for 
Hamiltonian flows with non BV force terms. Comm. Partial Differen- 
tial Equations 35 (2010), no. 5, 786-816. 

[4] G. Crippa, C. De Lellis, Estimates and regularity results for the 
DiPerna-Lions flow. J. Reine Angew. Math. 616 (2008), 15-46. 

[5] R.J. DiPerna, P.L. Lions, Ordinary differential equations, transport 
theory and Sobolev spaces. Invent. Math. 98 (1989), 511-547. 

[6] H.J. Engelbert, V.P. Kurenok, On multidimensional SDEs without 
drift and with a time-dependent diffusion matrix. Georgian Math. J. 
7(4) (2000), 643-664. 

[7] H.J. Engelbert, W. Schmidt, Strong Markov continuous local martin- 
gales and solutions of one-dimensional stochastic differential equations. 



I, II, III. Math. Nachr. 143 (1989), 167-184; 144 (1989), 241-281; 151 
(1991), 149-197. 



34 



[8] A. Figalli, Existence and uniqueness of martingale solutions for SDEs 
with rough or degenerate coefficients. J. Fund. Analysis 254 (2008), 
109-153. 

[9] M. Hauray, C. Le Bris, P.L. Lions, Deux remarques sur les flots 
generalises d'equations differentielles ordinaires. C. R. Math. Acad. 
Sci. Paris 344 (2007), no. 12, 759-764. 

[10] K. Ito, On stochastic differential equations. Memoirs of the American 
Mathematical Society 4 (1951), 1-51. 

[11] P.E. Jabin, Differential Equations with singular fields. J. de Math. 
Pures et Appl. (9) 94 (2010), no. 6, 597-621. 

[12] N.V. Krylov, On an inequality in the theory of stochastic integrals. 
Teor. Veroyatnost. i Primenen. 16:3 (1971), 446-457. 

[13] N.V. Krylov, Some estimates of the probability density of a stochastic 
integral. Math. USSR Izv. 8 (1974), 233-254. 

[14] N.V. Krylov, Controlled Diffusion Processes. Springer- Verlag, Berlin 
(1980). 

[15] N.V. Krylov, The heat equation in L q ((0, T), L p )-spaces with weights. 
SI AM J. Math. Anal. 32, No. 5, 1117-1141 (2001). 

[16] N.V. Krylov, M. Rockner, Strong solutions of stochastic equations 
with singular time dependent drift. Probab. Theory Relat. Fields 131 
(2005), 154-196. 

[17] V.P. Kurenok, A.N. Lepeyev, On mutli-dimensional SDEs with locally 
integrable coefficients. Rocky Mountain J. Math. 38(1) (2008), 139- 
174. 

[18] C. Le Bris, P.L. Lions, Renormalized solutions of some transport equa- 
tions with partially W 1 ' 1 velocities and applications. Ann. Mat. Pura 
Appl. 183 (2004), 97-130. 

[19] C. Le Bris, P.L. Lions, Existence and uniqueness of solutions to Fokker- 
Planck type equations with irregular coefficients. Comm. Partial Dif- 
ferential Equations 33:7 (2008), 1272-1317. 

[20] J.-F. Le Gall, Applications des temps locaux aux equations differen- 
tielles stochastiques unidimensionnelles. Lecture Notes in Mathematics 
986, 15-31. Springer- Verlag, Berlin (1983). 



35 



[21] P.-L. Lions, Equations et systemes paraboliques : quelques questions 
nouvelles. Lecture given at College de France (2012). Video available 
on 

http : //www. college-de-f ranee . f r/site/pierre-louis-lions/ 

[22] M. Rockner, X. Zhang, Weak uniqueness of Fokker-Planck equations 
with degenerate and bounded coefficients. C. R. Acad. Sci. Paris, Ser. 
I 348 (2010), 435-438. 

[23] A. Rozkosz, L. Slominski, On existence and stability of weak solutions 
of multidimensional stochastic differential equations with measurable 
coefficients. Stock. Proc. Appl. 37 (1991), 187-197. 

[24] E.M. Stein, Harmonic analysis: real-variable methods, orthogonality, 
and oscillatory integrals. Princeton Mathematical Series, 43. Mono- 
graphs in Harmonic Analysis, III. Princeton University Press, Prince- 
ton, NJ, 1993. 

[25] D.W. Stroock, S.R.S. Varadhan, Multidimensional Diffusion processes. 
Springer- Verlag, Berlin (1979). 

[26] A.Y. Veretennikov, N.V. Krylov, On explicit formulas for solutions of 
stochastic equations. Math. USSR Sb. 29(2) (1976), 239-256. 

[27] A.Y. Veretennikov, On the criteria for existence of a strong solutions 
to a stochastic equation. Theory Probab. Appl. 27 441-449 (1982). 

[28] T. Yamada, S. Watanabe, On the uniqueness of solutions of stochastic 
differential equations, I and II. J. Math. Kyoto Univ. 11 (1971), 155167 
and 553-563. 

[29] X. Zhang, Strong solutions of SDEs with singular drift and Sobolev 
diffusion coefficients. Stock. Proc. Appl. 115 (2005), 1805-1818. 

[30] X. Zhang, Stochastic homeomorphism flows of SDEs with singular 
drifts and Sobolev diffusion coefficients. Electronic Journal of Proba- 
bility 16, 1096-1116 (2011). 

[31] A.K. Zvonkin, A transformation of the phase space of a diffusion pro- 
cess that will remove the drift. (Russian) Mat. Sb. (N.S.) 93, no. 135, 
129-149 (1974). 



36 



